We present an improvement to Gunderson's function, which gives a lower bound for the exponent in a possible counterexample to the first case of Fermât 's "Last Theorem," assuming that the generalized Wieferich criterion is valid for the first n prime bases. The new function increases beyond n = 29, unlike Gunderson's, and it increases more swiftly. Using the recent extension of the Wieferich criterion to n = 24 by Granville and Monagan, the first case of Fermat's "Last Theorem" is proved for all prime exponents below 156,442, 236,847, 241, 729. 
Introduction.
The generalized Wieferich criterion states that if the first case of Fermat's "Last Theorem" (FLT1) does not hold for the prime exponent p, i.e., the equation xp + yp = zp has a solution where x,y, and z are integers not divisible by p, then, for certain numbers q, (1) q"-l = l (modp2).
This criterion has been proved [1] when q is one of the first 24 primes pt = 2, p2 = 3, P3 = 5,..., and p24 = 89. Several authors have used the fact that the generalized Wieferich criterion has been proved for the first n primes to prove FLT1 for all prime exponents below a certain bound. The idea behind these proofs is that if FLT1 does not hold for p, then all integers q that are not divisible by any prime exceeding pn are solutions to (1) . However, (1) can have at most (p-l)/2 positive solutions less than p2/2 [2] , and, in fact, at most (p -l)/2 pairs of relatively prime solutions (a,b) with 1 < a < x and 1 < b < y, where xy = p2/2 [3] . These constraints yield a contradiction unless p is sufficiently large.
The approach just described requires a lower bound for Pn(x), the number of positive integers up to x divisible by no prime exceeding p", or for Pn(x,y), the number of pairs of relatively prime positive integers up to x and y, respectively, divisible by no prime exceeding pn. Rosser [2] obtained a suitable lower bound for Pn(x), good for small n, and his student, Gunderson [3] , proved a similar one for Pn (x, y). When x and y are chosen properly as functions of p, each of these lower bounds is a polynomial of degree n in log p whose leading coefficient (as a function of n) goes to zero swiftly. In each case, when n is small, there is a range of p for which the lower bound exceeds (p -l)/2 and gives the desired contradiction, proving FLT1 for all primes p in that range. But for all sufficiently large n, the lower bound stays less than (p -l)/2 for all p, which proves nothing. See [8] for a discussion of Gunderson's estimate. [4] used a better lower bound for Pn(x) when they proved FLT1 for p < 253,747,889. We follow the Lehmers' method and obtain a better lower bound than Gunderson's for Pn(x,y). This lower bound is derived in Section 2. The implications for FLT1 are discussed in Section 3.
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of Pn(x, y). In this section we define functions Gn(x, y) for n > 1 which are moderately easy to compute and which are lower bounds for Pn(x,y).
Define Gn(x, y) inductively as follows. Let G\(x, y) = logx/ log 2+logy/ log2-1. For each n, Gn(x,y) will be a polynomial in logx and logy of the form (2) Gn (x, y) = ¿ ¿ g¡f log1 x log' y. and D^'3'n' is either the maximum value Mk or minimum value m^ of Bk(x) on the unit interval 0 < x < 1, according as g\j > 0 or g\"' < 0. Note that Gn+\(x, y) has the form (2), with n replaced by n +1. Indeed, substitution of the definition of the Bernoulli polynomials in the definition of Gn+\(x,y) gives the following recursion formulas:
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The case n = 1 has y0Q = -1 and g[0' = g0\' = l/log2.
We will prove by induction on n that Pn(x,y) > Gn(x,y) for n > 1, x > 1 and y > 1. which is the definition of G"+i(x,y).
3. Implications for Fermat's Last Theorem.
We computed the coefficients of the polynomials Gn(x,y) defined in Section 2 for n < 50. We then computed the solution to Gn(p/V2,p/\/2) = (p -l)/2, by iterating the mapping p -► 2Gn(p/\/2,p/\/2) + 1. We performed these computations first on a personal computer, and then with double precision on a CYBER 205 for more accuracy. In Table 1 below, we list the values of Mn and mn, defined in Section 2, used in our calculations. These values were computed using the formulas on page 538 of [6] . However, we corrected a tiny error in formulas (17) and (18) of that paper: the exponents of 3 and 5 should be -2k -1 rather than -2k in these formulas and in the first inequality following (18).
In Table 2 , we give the coefficients of G24(x,x). Following earlier authors, we have used base 10 for logarithms. In Table 3 , we list Gunderson's lower bound on a possible counterexample to FLT1 and our new bound R(n), which is the largest number x for which G"(x/y/2,x/y/2) > (x -l)/2. Let Q(n) be the least prime number greater than R(n). FLT1 is then true for all prime exponents below Q(n), assuming the generalized Wieferich criterion holds for the first n primes. In particular, since the generalized Wieferich criterion has been proved up to p24 = 89, FLT1
is now proved for all prime exponents below Q(24) = 156,442,236,847,241,729.
Each value of R(n) shown in Table 3 is larger than the corresponding value of Gunderson's function. In Gunderson's day, when the Wieferich criterion had been proved only up to the eleventh prime (or, some thought, up to the fourteenth), the advantage of a better approximation to Pn(x,y) was not as significant as it is today. Our function R(n) increases beyond n = 29, unlike Gunderson's function [8] . We hope this encourages further extension of the Wieferich criterion. We suspect, however, that our function may suffer the same fate as Gunderson's and peter out eventually because of the following weakness inherent in our iteration procedure. The lemma of [5] , which we used to derive (3), must cover the worst case, which presumably occurs only rarely. We have not tried to compute the exact point of failure, because D. Coppersmith recently showed us a new method of computing lower bounds for Pn(x, y) that always increase with n. Using the Wieferich criterion up to p24, his method proves FLT1 for all primes up to about 7.568 x 1017.
It should be noted that an old result of Lenstra provides a lower bound for R(n) which increases monotonically. He proved [7] that if p is an odd prime, then there exists a prime q < 4 In p for which (1) fails. It follows immediately that R(n) > exp(v^n-/2). Table 3 Old and new lower bounds for a possible counterexample to FLT1. 
